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SUMMARY 



Charts are presented for the coefficients in formulas 
for the critical compressive stress at which cross— section- 
al distortion "begins in a thin-wall member with either a 
channel section or a Z-section with identical flanges. 
The energy method of Timoshenko was used in the theoreti- 
cal calculations required for the construction of the 
charts. The deflection equations were carefully selected 
to give good accuracy. 

The calculation of the critical compressive stress at 
stresses "beyond the elastic range is "briefly discussed. 
In order to demonstrate the use of the formulas and the 
charts in engineering calculations, two illustrative prob- 
lems are included. 



INTRODUCTION 



In the design of compression members for aircraft, 
whether they be stiffeners in stressed-skin structures or 
struts in trussed structures, the allowable stress for the 
member is equal to the lowest strength corresponding to 
any of the possible types of failure. In references 1 and 
2', all types of column failure are classed under two head- 
ings : 

(a) Primary, or general, failure. 

(b) Secondary, or local, failure. 

Primary, or general, failure of a column is defined as any 
type of failure in which the cross sections are translated, 
rotated, or both translated and rotated but not distorted 
in their own planes (fig. l)« Secondary, or local, failure 
of a column is defined as any type of failure in which the 
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cross sections are distorted in their own planes but not 
translated or rotated (fig. 2). Consideration is given in 
this paper only to local failure. 

One of the factors to be considered in a study of lo- 
cal failure is the critical compressive stress at which 
the cross section begins to distort. This critical stress 
can usually "be given in coefficient form. The purpose of 
this paper is to present charts that will be useful in e s- 
tablishing the coefficient to be used in the calculation 
of the critical compressive stress at which cross-sectional 
distortion begins in a thin-wail channel sootion or Z- 
section with identical flanges. 

The energy method of Timoshonko was used for the cal- 
culations required to evaluate the cooff-iciont plottod in 
tho charts. (See reference 3.) The calculations, which 
are long and were made as a part of a more extended study 
of local failure in thin-metal columns, have been omitted 
from this paper. 

This paper is the second of a series on the general 
subject of local failure in thin-metal columns. The first 
report of the sories (roference 4) is concerned with local 
failure in thin-wall rectangular tubes. 

Bernard Hubenstein, formerly of the N.A.C.A. staff, 
performod all the mathematical derivations required for 
the preparation of this paper. 



CHARTS 



The calculation of the critical compressive stress at 
which cross-sectional distortion begins in a channel sec- 
tion or a Z— section is, in reality, a problem in the buckr- 
ling of thin plates, proper consideration boing given to 
tho interaction between adjacent plates composing the cross 
section. For the columns of channel section and Z-section 
considered in this paper, the flanges have identical dimen- 
sions. The conditions of symmetry in the cross section re- 
quire that, when one flange buckles, the othor flange also 
buckles. (See fig. 2.) Thus, the channol section and tho 
Z-section consist of two basic plate elements, i.e., flange 
plates and a web plate. 



Timoshenko has given the critical stress for a roc- 
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tangular plato under edge compression in the following 
form (reference 5, p. 605) J 



E is tension-compression modulus of elasticity 
for the material. 

(J., Poisson's ratio for the material. 

t, thickness of the plate, 

b, width of the plate. 

k, a nondimensional 'coefficient that depends 

upon the conditions of edge support and the 
•dimensions of the plate. 



This equation can he used to calculate the -critical 
compressive stress at which cross-sectional distortion 
"begins in channel- and Z-secti.on columns. If t and "b 
are the thickness and the width, respectively, of the 
flange, then the restraining effect of the web, whether 
positive or negative, is included in the coefficient k. 
If t and "b refer to the thickness and the width, re- 
spectively, of the web, then the restraining effect of the 
flange, whether positive or negative, is also included in 
the coefficient k but a different" set of values for k 
is obtained. It is therefore necessary to decide whether 
t and b in the equation for the critical stress shall 
refer to the dimensions of the flange or to the dimensions 
of the web. In certain limiting cases, one form of the 
equation is to be preferred; whereas, in other limiting 
cases, the other form is preferable. In this report, both 
forms of the equation will bo given, either of which may 
bo usod to calculate the critical stress for channel sec- 
tions and .Z-sections. For the flange plate, 



f 



cr 




whore 



f 



kj, tr a s tj, 



(l) 



cr 



12 (1 - \i a ) by 



For the web plate, 
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where 



ty and t ff are the thickness of the flange and 
the web plates, respectively. 

hp and bw, the width of the flange and the web 

plates, respectively. 

kj and k^, non dimensional coefficients that de- 
pend upon the dimensions of tho 
channel section or the Z-section. 
(See figs. 3 and 4.) 

The curves given in figures 3 and 4 were obtained by 
plotting the calculated values of kji and k-jy given in 

tables I and II, respectively. These values were computed 
by the energy method previously mentioned, 

The relation between ky and kw for a given channel 

section or Z-section is sometimes of interest. This rela- 
tion is obtained by equating the right sides of equations 
(l) and (2). Thus 

x. 3 +3 

by b^ 

from which 



LIMITATIONS OW CHARTS 



Tho charts in figures 3 and 4 may be regarded as close 
approximations, the errors boing not more than about 1 per- 
cent. The values of k-p and k-jp given in the charts are 

the minimum values possible for a channel- or a Z-section 
column of infinite length. Jor engineering use, however, 
these values will apply to any channel- or Z-section col- 
umn having a length greater than about twice the width of 
the web or the flange, depending on which is the wider. 
The length of all members likely to be encountered in air- 
craft design will thus fall within the range to which fig- 
ures 3 and 4 apply. It should be mentioned that, for very 



ff.A.CA. Technical Note No. 722 



5 



short columns of . channel section or Z-3ection where the 
length does have an appreciable effect, the values of the 
coefficient are conservative* 

The values of ky and fc^ given herein apply to col- 
umns with channel section or Z-sectibn in which the mate- 
rial is both elastic and Isotropic. Steel, aluminum al- 
loys, and other metallic materials usually satisfy these 
conditions provided that the material is not stressed -be- 
yond the elastic range. When a material is stressed be- 
yond the proportional limit in one direction, it is no 
longer elastic and is probably no longer isotropic. In a 
later portion of this paper, the use of equations (l) and 
(2) Is shown in the calculation of the critical stress when 
the columns are loaded beyond the proportional limit. 



DEPLEGTION EQUATIONS 



The deflection equations used in the energy solution 
ares 3?or the flanges, 




For the web, ■ 
where 

wji and Wfl are deflection normal to flange and web, 
respectively. 

L, length of member. 

n, number of half-waves that form in the length L. 
The ratio l/n is therefore the half-wave 
length of a wrinkle in the direction of the 
length. 
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bp and bw» width of flange and web, respectively. 

x, coordinate measured from end of member. 

yp and yjp coordinates measured from one corner in 

the direction of flange and web, re- 
spectively. 

A, B, C, and B, arbitrary deflection amplitudos. 

The values of A and B for the 
flanges are expressed in terms of 
0 and D for the web through tho 
use of tho conditions that tho cor- 
ner angles are maintained during 
buckling and that tho bonding moments 
at the corner are in equilibrium. 
The values of 3)/ C and L/n are then 
given values that cause tho critical 
stross to be a minimum. 

The foregoing deflection equations used in the energy 
solution were carefully selected. Although no direct cal- 
culation of the error has been made, it is believed that 
the values of kj and kw are correct to within a' frac- 
tion of 1 percent. This belief is justified because, in 
the limiting cases for which exact solutions are available, 
the precision is within these limits. In addition, other 
problems in which-theBe deflectior equations have been usod 
gave a precision bettor than 1 porcont. 

If B = 0 sa 0, tho dofloction equations (4) and (5) 
roduce to the same equations used by Parr and Boakloy (rof-» 
eronce 6) in their study of local instability (plato fail- 
ure) of channel columns. 



DISCUSSION 03f CHARTS 



Figure 3 gives values of kj> plotted against bw/bj> 
for values of t^/ty = 0.5, 1, and' 2. When the web is very 
narrow in comparison with the flanges (b^/by small), the 
flanges are weaker than the wob. As b^-/bp increases, a 
point is reached where the web becomes tho \roakor part of 
tho cross section. This point i3 clearly discernible for 
tfl/tp =0.5 and 2 in'figuro 3 where those curves break 
sharply at b w /bp = 1.8 and 3.3, respectively. 
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Figure 4 gives values of Iqj plotted against bjp/bw 
for the same values of tw/tp'. When the flanges are very 
narrow in comparison with the wet (bp/bw small), the 
web is -weaker .than the flanges. As by/bw increases, a 
point is reached where the flange becomes the weaker part 
of the cross section. This point is clearly discernible 
for tw/ty = 0,5 in figure 4 where this curve "breaks 
sharply at hji/bjp = 0.55. 

CRITICAL .STRESS FOR LOADING- BEYOND THE PROPORTIONAL LIMIT 



In the elastic range, the critical compressive stress 
for an ordinary column that fails by bending is given by 
the Euler formula. Seyond the proportional limit that 
marks the upper end of the elastic range, the reduced? slope 
of -the stress-strain curve requires that an effective modu- 
lus E be substituted for Young's modulus E in the Euler 
formula. The value of 2* is sometimes written as TE, 

E = TE (6) 

The value of the nondimensional coefficient T varies 
with stress. By the use of the double-modulus theory of 
column action, theoretical values of T can be obtained 
from the compressive stress-strain curve .for the material 
(reference 5, p. 572, and references 7 and 8). Tests show 
that, in practice, theoretical values of T, . derived on 
the assumption that no deflection occurs until the criti- 
cal load is reached, are too large. The value of T for 
practical use is best obtained . from tho accepted column 
curve for the material in the manner outlined. in the illus- 
trative problem of reference 4. The values of T thus 'ob- 
tained take into account the effect of imperfections that 
cause deflection from the beginning of loading as weli as 
other factors that may have a bearing on the strength. 

3?or cross-sectional distortion of a thin-wall column 
of channel section or Z-section, the critical compressive 
stress in the elastic range is given by either equation 
(1) or equation (2). Beyond the proportional limit, the 
critical compressive stress is given by these equations 
with an effective modulus T)l substituted for Young's mod- 
ulus E or J For the flange plate, 

f _ Uei ^ 35 ill (7) 

" 12 (i - a s )-bv a K } 
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Tor the web plate, 

± cr 

In the absence of adequate test data, the value of the non- 
dimensional coefficient T| cannot he definitely established. 
It is reasonable to suppose, however, that T) and T are 
related in some way. 

Yarious equations relating 11 and T have been sug- 
gested. The discussion of reference 4 points out that, 
when T} is considered to be a function of t, the equation 
for T) will depend upon the manner of evaluation of T. If 
T is determined from the stress-strain curve on the assump- 
tion that no deflection takes place until the critical 
stress is reached, the effect of deflections from the be- 
ginning of loading must be separately considered. If T 
is determined from the accepted column curve for the mate- 
rial in the manner outlined in the illustrative problems 
of reference 4, part, if not all, of this effect is auto- 
matically considered. 

A careful study of the theory and of such experimental 
data as are available indicates that a conservative assump- 
tion is 

T, = JL±_3^X ( 9 ) 

provided that t is evaluated by use of the accepted col- 
umn curve for the material. Equation (9) will probatily 
have to be modified, howovor, as more tost data become 
available. 

ITow t is itself a function of the critical stress 
f cr . Hence T] is a function of f cr ' Consequently, equa- 
tions (7) and (8) cannot be solved directly for f cr . If 
each equation is divided by T) , however, f cr /Tl is given 
directly by the geometrical dimensions of the cross sectior 
and the charts of figures 3 and 4, — Por the flange plate, 



a 



12 (1 - (i 



E tw' 



(8) 
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Tor the web plate, 



12 (1 - |t 



(11) 



The relation "between f CP and f C r/^ can "b 8 deter- 
mined from a knowledge of the column curve for the material, 
as outlined in the illustrative problem of reference 4. In 
figure 5, several such curves are given for 24ST aluminum 
alloy for different assumed relations between T| and T. 
When the value of f cr /"n has been obtained by use of equa- 

tion (10) or equation (ll), the value of f cr is read from 
the appropriate curve of figure 5. 

The ultimate strength of a thin-wall column of channel 
section or Z-section will, in general, be higher than the 
load at which cross-sectional distortion begins. At stress- 
es approaching the yield point of the material, the criti- 
cal load and the ultimate load approach the same value. No 
attempt has been made in this paper to discuss the ulti- 
mate strength of a thin-wall column of channel section or 
Z-section; the solution for the critical load logically 
precedes the solution for the ultimate load. 



ILLUSTRATIVE PROBLEM 



It is desired to calculate the critical compressive 
stress at which cross-sectional distortion begins in two 
channel columns constructed of 24ST aluminum alloy: 

Chan nel A Ghannel 'B 



by = 


1 in. 


by 


= 1 in. 


b w = 


2 in. 


b ¥ 


= 2 in. 


ty = 


0.10 in. 


*!■ 


= 0.20 in. 


*W = 


0.10 in. 


t w 


= 0.10 in. 
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Solution for Channel A 

^1 _ 2 

Op " 1 " * 

*I = °' 10 = ! 
tji 0.10 

k p = 0.730 (road from fig. 3) 
E = 10.66 x 10 6 lb. per sq. in. 
JJ. = 0,3 
Prom equation (10) 

£sr _ 0 .730 X tt s X 10.66 X 10 s X (0.10) a m 7n ,, n , ^ „ a „ an . 
— - _ . 3 - — -^r-i -i— =b ?o ,430 Id. par sq. in. 

71 12 Cl- 0.3 ) (1) 

Prom' the solid curve of figure 5 
f cr = 33,700 lb. per sq. in. 

i 

Solution for Channel B 

I 1 = I - 0.5 

b W 2 

tj 0,20 

kyr = 6.56 (read from fig. 4) 
38 = 10.66 x 10 6 lb. per sq. in. 
[i = 0.3 

Prom equation (11) 

£.2£ _ 6.56 X tt s X 10. 66 X 1 0 g X (0.10) a _ , qR nnn , . an . 

r\ 12^1^7^"^ 158,000 lb. per sq.in. 

Prom the solid curve of figure 5 
f or = 38,600 lb, per sq. in. 
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CONCLUSIONS 



1« Ehe critical "compressive stress at which cross- 
sectional distortion occurs in a thin-wall column of channel 
section or Z-section is given "by either of the following 
equations :• 

f T) k g tt s E ty a 71 k ff tt 8 E t ff a 

Cr = 12 (1 - p. 3 )TD p a . cr = IFTT- H S )h W s 

where 

' E and p> are Young's modulus and Poisson's ratio 

for the material, respectively. 

"hji and "b^," tho width of the flange and the web, re- 
spectively. 

tj and t^, the thickness of the flange and the weh, 
respectively. 

and k w , nondimensional coefficients read from fig- 
ures 3 and 4, respectively. 

TJ, a factor taken so that -TIE gives the ef- 
fective modulus of the flange and weo 
at stresses beyond the elastic range.' 

2. At stresses "beyond the elastic range, the value 
of the effective modulus TIE for local buckling of thin- 
wall columns of channel section and Z-section will depend 
upon tests. In the absence of such tests, however, it is 
reasonable to assume that T) is a function of t» where 
TE is the effective modulus of an ordinary column at 
stresses beyond the elastic range. A careful study of the 
theory and such experimental data as are available indi- 
cates that it is conservative to assume 

n = T + 3 «/T 
4 

provided that t is evaluated by use of the accepted column 
curve for the material. 



Langley Memorial Aeronautical Laboratory, 

National Advisory Committee for Aeronautics, 
Langley field, Va., July 11, 1939. 
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Calculated Minimum Values of 



■fay the Energy Solution 















5z \. 


0.5 


Jl 


2 


"bur ^S*. 








0 


4.000 


4.000 


4.000 


.050 


5^457 


4.258 


4.031 


.100 


6.020 


4.452 


4,044 


.130 


6ll88 


- 


mm 


.167 


6.306 


4.585 


3.998 


.179 


mm 


4.591 


3.983 


.192 


6.381 


4.595 


3.968 


.208 


- 


4.591 


3.922 


.227 


6,431 


4.575 


3. 865 


.250 


6,462 


4.539 


3.762 


^263 






3.685 


.278 


6,493 


4.467 


3.573 


.294 






3.405 


.313 


6.512 


4.333 


3,052 


.357 


6.532 


4.081 


2.332 


.417 


6.539 


3,625 


1.711 


,455 


6.552 






.500 


6.563 


2.921 


1.187 


.526 


6.564 






.548 


6,567 




mm 


.556 


6.467 


2.496 




.571 


6.204 






.625 


5,409 




.761 


,714 


mm* 


1.638 




.833 


3.316 




.429 


1.000 




.892 





N„A.G.A. Technical Note No. 722 



Fig. 1 



(a) Translated 



1 



\ 



(b) Translated and rotated 

figure l.« Displacements of the cross section in primary, or 
general, failure of a column. 
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Tig. 2 




IFiguxe 2.- Displacements of the cross section in secondary, 
or local, failure of a column. 
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0 1.0 2.0 3.0 4.0 5.0 6.0 

Figure 3,- Minimum values or for centrally loaded columns of 
channel section and Z - section ( p, = 0.3), 
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Fig. 4 
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Sigure 4,- Minimum valines of for centrally loaded columns of 
cfcennel section and section (n = 0.3). 
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fligure 6.- Variation of f cr With f^il for 24ST aluminum alloy. 
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